In this paper, we show that for any Schur ring S over a cyclic group G, if every subgroup is an S-subgroup, then S is either a wedge product of Schur rings over smaller cyclic groups, or every S-principal subset is an orbit of an element under a Ž fixed subgroup of Aut G. With an earlier result proved by us on Schur rings over . cyclic groups, preprint , we are able to determine all possible structures of Schur rings over a cyclic group. ᮊ
INTRODUCTION
w x w x This paper is a continuation of LM . In LMa , we introduced a method for constructing all Schur rings over a cyclic group of prime power. The idea involved is extending a Schur ring of smaller order to one with larger w x order. In LM , we used the notion of dot product and wedge product to Ž w x formulate this concept of extension. As we mentioned in LM , the dot product of Schur rings is not a new notion. However, the wedge product of Schur rings is new and for the convenience of readers, it will be defined . later. It was also shown there that, for any Schur ring S over a cyclic group G, if there exists a subgroup H such that Ý g f S, then the g g H structure of S can be described by Schur rings over cyclic groups of smaller order. In this paper, we shall look at the remaining case, that is, when Ý g g S for all subgroups H of G. In this case, we show in Theorems g g H 3.4 and 3.6 that either S can be constructed by Schur rings over smaller cyclic groups, or every S-principal subset is an orbit under a fixed subgroup w x of Aut G. Together with the results in LM , it is now possible to list all Schur rings over a cyclic group inductively; see Theorem 3.7 .
Let G be a finite group. For any subset A of G, we denote Ý g in g g A Ž t . w x the group algebra ‫ޚ‬ G by A. If t is an integer, we also write A for the Ä t 4 set g : g g A .
w x DEFINITION 1.1. Let S be a subring of ‫ޚ‬ G . We say S is a Schur ring Ä 4 over G if there exist disjoint subsets D s e , . . . , D in 
Ž .
[ 
We denote the Schur ring S over G constructed in Proposition 1.2 by S n S . We say S is a wedge product of S and S . Note that the 
ORBITS OF AN AUTOMORPHISM SUBGROUP
From now on, we shall assume G is a cyclic group. Let S be a Schur ring over G. Our main concern is to study S when every subgroup of G is an S-subgroup. Our first goal is to show that for any S-principal subset D, 
The above result leads us to study sets of the form ⍀ g , where ⍀ is a subgroup in Aut G and g g G. Throughout this section, we assume ⍀ is a subgroup of Aut G.
Ž . We shall use G k to denote the unique subgroup of G of order k. It is < < Ž . implicit that k is a divisor of G . First, we want to determine when ⍀ g is Ž .
Ž . a union of G p -cosets, where p is a prime divisor of ( g .
Proof. Obviously, we only need to prove the sufficiency. Note that
Ž . Let and y be as assumed above. Obviously, g : i g ‫ޚ‬ ; gG p . On the other hand, it is easy to see that N is of order p. Therefore, 
Proof. Sufficiency follows easily from Lemma 2. 3 . To prove necessity,
Ž . is a p-power, ( b is a q-power, and pq, ( c are relatively prime. Note
Ž .
In the above discussion, we deal with the case when ⍀ g is a union of Ž . G p -cosets for some prime p. Next, we want to study the case when it is Ž . not a union of any G p -cosets.
Ž . union of G q -cosets for all prime divisors q of ( h .
To study the case when ⍀ g is free, we need some results in number theory.
PROPOSITION 2.7. Let G be a cyclic group generated by an element g. 
Let g be an element in G and p the largest prime divisor of ( g . We Ž . 
w² :x Proof. By considering the restriction of on ‫ޑ‬ h , we may assume h s g. Let t be the number of prime divisors of n.
Ž . Ž . i Note that H s 0 for any subgroup
Ž . Ž . Now suppose ⍀ g is free. We shall proceed by induction. Suppose Ž . t s 1. Then n is a p-power for some prime p. As ⍀ g is not a union of Ž . Ž . G p -cosets, ⍀ g / 0 follows from Proposition 2.7.
Ž .

Next, we assume t ) 1. Let p be the largest prime divisor of ( g . We Ž . now follow the notation used in Lemma 2.9. As before, we have Ž . Ž . Ž . r For ii , we also proceed by induction on t. Suppose ( g s p , where p is prime and r G 1. By assumption, ⍀ g y ⍀ g g Ker . It follows Ž .
Ž . Ž .
from Proposition 2.7 that
Note that g G p and g G p are disjoint whenever 0 F i / j F p y 1. Ž .
Ž . By comparing the coefficients of elements in ⍀ g , we see that ⍀ g is the i Ž . union of the g G p 's with ␣ s 1. This contradicts the assumption that i Ž . ⍀ g is free.
Ž . Ž Ž .. Next, we assume t ) 1 and ⍀ g / ⍀ g . We keep the notation used 
MAIN RESULTS
Throughout this section, we assume that S is a Schur ring of G, with the property that every subgroup of G is an S-subgroup. The main results are as follows. Suppose D is an S-principal subset which contains a generator Ž . < < of G. If D is a union of G p -cosets for some prime divisor p of G , then S is a wedge product of Schur rings of smaller cyclic groups. On the other Ž . hand, if D is free, i.e., D is not a union of G p -cosets for all prime < < divisors p of G , then there exists a subgroup ⍀ of Aut G, such that every Ž . S-principal subset is of the form ⍀ h for some h g G.
Recall that we have proved in Proposition 2.2 that every S-principal Ž . subset D is of the form ⍀ h for any h g D. In particular, there is an D S-principal subset which contains only elements of order k for each divisor
This shows that every S-principal subset is of the form Ž Ž ..
Ž . For convenience, we introduce the following notation. Recall that D k is a fixed S-principal subset which contains elements of order k. We set 
Ž .
Proof. i By the definition of a Schur ring, we have
Ý ␣ E, where each E is an S-principal subset. Note that in every E , any
also a union of G p -cosets. The converse is also an easy consequence of Lemma 2.4.
Recall that in Definition 2.6, we define the notion of free orbit. As every S-principal subset is an orbit, this notion also applies to S-principal subsets. We first assume all s G 1. For i s 1, 2, . . . , t, let
Put kЈ s q¨1 q¨2 иии q¨t. As each q ) p G 2, we can apply Lemma w As an application of Theorem 3.7, we give an easy proof of M, Theorem x 3.1 . Let D be an S-principal subset D having a trivial radical. It is equivalent to saying that D is not a union of H-cosets for any nontrivial w x < < subgroup H. We shall now prove M, Theorem 3.1 by induction on G .
Ž . There is nothing to be proved if S is of type I . In particular, our < < Ž . desired result follows when G is a prime. If S is of type II , then we Ž . simply apply induction on H and K. Finally, if S is of type III , K, H are as described there. Then clearly, D ; K and we can therefore apply induction to obtain the desired conclusion.
